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Bir'l geometry of Famo var · of lives on cubicfolds containing[BFMQ] pais of cubic scrolls.

XCI' smooth cubic fourfold.

(BE) birational equivalence.
· Many rational cubic 4 folds : Pfaffian

C = module of smooth cubic 4 folds
U

Cd Hasselt divisors · parametising cubics
with more algebraic cycles
H2 .2(X)MH"(X

,
<) = <M2

,
2)

d = disc <M2 ,
[]

anycubiscontainingala normal cubicS scroll.

Go =- 11-a Veronese surface

Conj : X is rational XeCd ,
d>0 not div

by 4 , 9 ,
or any odd prime

= 2 mod 3 .



Equivalences wit drived category :

Kuznetsov :Do(X) = <Ax , Ox , Ox(1) , Ox(2) >
↑

Kuznetsor category

Conj : X rational <=) Ax = DP(K3 surface).
Kuznetsov Addington -Thomas

E) condition on Cd

(FM) Fourier-Mukai equivalence : X is a FMpartner
XI

=Ax =Ax

Huybrechts : X has finitely many FM partners.

XUCd has no nontrivial FM patnes.

Conj (Huybrechts) : (FM) => (BE) ·

Note : rerese false

Evidence (Fan-Lai) : XECho J ! FMpartner
X'ECro

BLuX

↓ X
VcX - - - X su



Today : twomore examples supporta

· X m) F(X) Favo variety of lines
HK manifold
=> rich bir' geometry via Hodgetheory.

H2(F(X)
,
<) , &Xi

Beauville-Bogomor-form

Note : X EX' (=) (F(X) , g)E (F(xY, 9)
aspolarized

Possible : F(x)EF(X) (bir).

X # X' ·

zud Equie :

(BF) birt equir of Faro variety of lines.

Today : examples (BF) =) (BE)

Unclear whether to expect in geneal ?

(BE) - (BF)

come imples.



Examples : cubics E Cie = cubics containing
a cubic scroll.

82 . Xe Ci2

T CX cubic scroll.

<T)MX = Y cubic 3 fold w/G nodes.

Hasselt-Tschikel .

QnY = T +TV

· Debarre -lliev-Manivel : birl geometry of X

line system of quadrics containing T:

q :X---> P8
, q(x) = z Gushel

Mukani

#fold .

z+ = Gr(2 ,Vs)POQ(NNVs)

ET contains a place IT , proj givesbil
BL+XBLZ+

- ↓ Kuznetsor-Periy :
X --- > ZT

AyAzt ·



Thm 1 (BFMQ) : Let XEC2 geneal.
F = F(X) .

The F has 3 nonisomorphic bir HK models.
- itself

-T double EPW sexi
constructed from ZT

, +V.

double EPW sextics : O'Grady , Debae - lliew-Manivel,
Debare-Kuznetson ...

Ilier-Manivel:+ < #
*
CPCNVs)

F = 102(2)) quadrics cont .
Z

.

IDisc(z) < I component that not
EPW sextic restriction of Plucker
4fold quadics

W=Disc(z)eIv EPW sextic.

WeW m HwCl .

base locus.quadni
oa

~ double cover

=>W -> W

Y
double EPW sextic

Sketch .

X---- ZT givenbyquadice aU j

I q(l) = Cu

gueal line meet <T) in a singlet.



7. quadric Qu
span(C) < Qu quadic 3 fold.

~

F --- > WT
1 1+ (w

, spon(c))· T
.

First Example.

· X containing T1 ,
Tz< X non-homologous

cubic Scrolls ToTa = 1
.

Such a pair of scrolls is called nosyzygetic.

Monsye C12

Thm2(BFM) : Let X EMnonsyz geneal, F=F(X).
ThenI X'EMnonsyz S. E :

(BE) XFX' but
(FM) Ax = Axi

(BF) FXF' but not isomorphic
*They are corj irrational

(BFMQ) : we studied birl geometry of F.
· Mov(f) < Pos(f) =EXENS(FMIqo]
-
rank3. .



chamber decomp. Hasset-Tschinkel
.

-BayerMovIF) = Uf
*Net(f'l

f : F---> Fl ↑ MKmodel .

birt
mi(X,) MCF . <).

XEMnonsye ,
Mov(F) = Pos(F).

In BFM
, we proveX Fbir X1 :

Monsyz
↑Mnonsyz

X - --> ZT <> F(x) --->
T

Y 112
~

X - - - z+ 1 F(x)) - - -> W+

=> z ,
Z+ different> W+

Debare-Kuznetsov : Et ,
It' same liber of

period map for GM 4 folds

=> z = z+1 bir l Wo

2nd Example.

XeCoMC2 .

P
,
TCX

P
.
T = 1. pot irrational

Thm (BFM) : J XECoRCie w/
(BE) X = X'bir not
(FM) Ax = Ax
(BF) F = FI but not E O

bir



q(p) = i' place
disjoint I

q: X----> ZT----) Xanother cubic fold.

projit
F and F'

, we show F = F'
,
not isomorphic

Counterexamples :

Thm(BFM) : X-C32 .

J X'EC2
,
XEX

but (BF) F(X) = F(X)

GFM) : Ax # Axx

& : IsX and X' birational ?


